Abstract. Let u(K) and g(K) denote the unknotting number and the genus of a knot K, respectively. For a 3-braid knot K, we show that u(K) ≤ g(K) holds, and that if u(K) = g(K) then K is either a 2-braid knot, a connected sum of two 2-braid knots, the figure-eight knot, a strongly quasipositive knot or its mirror image.
Introduction
A knot is a connected closed 1-manifold, smoothly embedded in the 3-sphere S 3 . The unknotting number u(K) of a knot K is the minimum number of crossing changes needed to transform K into the unknot. The genus g(K) (resp. the 4-genus g * (K)) of a knot K in S 3 = ∂B 4 is the minimum genus over all orientable surfaces in S 3 (resp. in B 4 ) with boundary K. For a knot K, both u(K) and g(K) are bounded from below by g * (K):
However, there is no such inequality between u(K) and g(K) in general. There are knots whose genus is greater than its unknotting number, and vice versa. In this paper we study the relationship between the unknotting number and the genus of 3-braid knots. We first establish the following theorem. Theorem 1.1. If K is a 3-braid knot, then
We remark that the inequality u(K) ≤ g(K) does not hold for knots with braid index ≥ 4. There is a knot with unknotting number 2 and genus 1, given by Livingston [ST88, Appendix] . According to the database KnotInfo of Cha and Livingston [CL] , there are 43 knots with braid index 4 and with crossing number ≤ 9, and among them there are 6 knots with u(K) > g(K) as listed in Table 1. A braid is said to be strongly quasipositive if it can be written as a positive word in band generators. (See §2 for the definition of band generators.) A knot which is the closure of such a braid is called a strongly quasipositive knot. It is known by Rudolph [Rud93, Corollary] Table 1 . 4-braid knots K with u(K) > g(K) and crossing number ≤ 9. g * (K) = g(K) holds for strongly quasipositive knots K with arbitrary braid index. Therefore we have the following corollary.
Corollary 1.2. If K is a strongly quasipositive 3-braid knot, then
We remark that the equality g * (K) = u(K) = g(K) holds for braid positive knots with arbitrary braid index, but not for strongly quasipositive knots and not for positive knots with braid index ≥ 4. Recall that a knot is positive if it has a diagram consisting of only positive crossings and that a knot is braid positive if it is a closure of a braid which can be written as a positive word in Artin generators. Thus a braid positive knot is a positive knot. It was shown independently by Rudolph [Rud99] and Nakamura [Nak00] that positive knots are strongly quasipositive. Hence we have the following implications.
braid positive =⇒ positive =⇒ strongly quasipositive Because g * (K) = g(K) holds for strongly quasipositive knots [Rud93] , it also holds for positive knots and braid positive knots. Rasmussen also proved the equality g * (K) = g(K) for positive knots by using his invariant [Ras10] .
Stoimenow [Sto03] proved that u(K) = g(K) holds for braid positive knots K, using an inequality of Boileau-Weber-Rudolph [BW84, Rud83] . Therefore g * (K) = u(K) = g(K) holds for braid positive knots with arbitrary braid index.
For knots in Table 1 except 9 46 , we have g * (K) = g(K) < u(K). By a straightforward computation, we can see that these knots are strongly quasipositive 4-braid knots. Moreover, they are positive knots. Therefore the equality in Corollary 1.2 does not hold for positive knots (and hence not for strongly quasipositive knots) with braid index ≥ 4.
Our last theorem shows that for 3-braid knots the equality u(K) = g(K) holds only for special cases. Therefore the strict inequality u(K) < g(K) holds for generic 3-braid knots. We remark that the converse of the above theorem is an open question. It is obvious that u(K) = g(K) holds for the knots of types (i), (ii) and (iii). (In fact, the equality g * (K) = u(K) = g(K) holds for these knots.) However, it is unknown whether the equality holds for the knots of type (iv). This leads to the following question.
Question. Is it true that if K is the closure of the 3-braid σ
This is a special case of the long-standing conjecture that the unknotting number is additive under connected sum, which is still open. If the above question has an affirmative answer, then the converse of Theorem 1.3 is also true, which gives a complete classification of 3-braid knots with unknotting number equal to genus.
In the above question, if p = q, then the knot K is a ribbon knot, hence g * (K) = 0. Therefore, in this case, the 4-genus g * (K) does not give any information about the unknotting number of K. Up to 10 crossings, there are four knots exclusively of type (iv), namely, 3 1 ♯!3 1 , 3 1 ♯ !5 1 , 3 1 ♯ !7 1 and 5 1 ♯ !5 1 , which are represented by the braids σ 3 1 σ 2 , respectively. Here !K denotes the mirror image of K with reverse orientation. The unknotting number of 3 1 ♯ !3 1 is 2: the unknotting number is at most 2 because the knot can be transformed into the unknot by 2 crossing changes, and it is at least 2 because the unknotting number of a composite knot is at least 2 by a result of Scharlemann [Sch85] . However, according to the table of unknotting numbers of composite knots up to 10 crossings given by Stoimenow in [Sto04, Appendix I], the unknotting numbers of the knots 3 1 ♯ !5 1 , 3 1 ♯ !7 1 and 5 1 ♯ !5 1 are unknown.
The above question was also asked by Abe, Hanaki and Higa in [AHH12] . In that paper, they showed that if K is a knot with u(K) = (c(K) − 2)/2, then K is either the figure-eight knot, a positive 3-braid knot, a negative 3-braid knot or a connected sum of two 2-braid knots. Here c(K) denotes the crossing number of K and a positive (resp. negative) 3-braid knot means the closure of a 3-braid which is represented by a positive (resp. negative) word in Artin generators. An affirmative answer to the above question gives a complete classification of the knots with u(K) = (c(K) − 2)/2. We close this section by explaining briefly the ideas of the proofs of Theorems 1.1 and 1.3.
The proof of Theorem 1.1 is based on the following: any nontrivial 3-braid knot is represented by a word W a ±2 1 (in band generators) that is a shortest word in its conjugacy class. Similar arguments were used by Ni [Ni09] and Stoimenow [Sto06] in studying the fibredness of 3-braid knots.
Analyzing shortest words of 3-braids more carefully, we obtain the following: if K is a 3-braid knot other than those listed in Theorem 1.3, then K is represented by a word a 1 a 2k 2 a −1 1 W (in band generators) that is a shortest word in its conjugacy class. This is the key idea of the proof of Theorem 1.3.
The 3-braid group B 3
The braid groups B n , n ≥ 2, have the presentation 
The generators a ij are called band generators. They are related to Artin generators by a ij
n denote the monoid generated by band generators. Elements of B + n are called strongly quasipositive braids [Rud93] . In this paper, we simply call them positive braids. If a knot is the closure of a positive braid, it is called a strongly quasipositive knot. For example, the knot 9 49 in Table 1 is a strongly quasipositive 4-braid knot because the knot is represented by the braid
In the above, we use the identities
Similarly, all the knots in Table 1 except 9 46 are strongly quasipositive 4-braid knots.
For the 3-braid group B 3 , we use the notations a 1 = a 21 , a 2 = a 32 and a 3 = a 31 . Then the dual presentation becomes This presentation was first studied by Xu [Xu92] . The generators a i are related to Artin generators by a 1 = σ 1 , a 2 = σ 2 and a 3 = σ 2 σ 1 σ −1
2 . From now on, we use a convention of taking modulo 3 for the indices of the generators a 1 , a 2 , a 3 . For example, a −2 = a 1 = a 4 .
Definition 2.1 (word length, syllable length and nondecreasing positive words). Let If each k j ≥ 1, we call W a positive word. Notice that a positive word represents a positive braid. If there is no confusion, we will not distinguish between a word and the braid represented by the word. A positive word is said to be nondecreasing if the indices of the generators in the word are nondecreasing, that is, i j+1 = i j + 1 for j = 1, . . . , r − 1. For example, a 1 a 2 2 a 3 a 3 1 is a nondecreasing positive word of word length 7 and syllable length 4.
We denote the closure of a braid α byα. If α and β are conjugate, thenα =β. If β = α −1 , thenβ is the mirror image ofα with reverse orientation, in particular, g(α) = g(β) and u(α) = u(β).
Definition 2.2 (banded surface). Let W be a word in band generators representing a 3-braid α. The closureα has a Seifert surface which consists of three horizontal disks and half-twisted bands each corresponding to a band generator or its inverse in the word W . We call such a surface the banded surface for W , denoted by F W . See Figure 1(b,c) . 
Definition 2.4 (subword order). For positive 3-braids P and Q, we write P Q if Q = R 1 P R 2 for some R 1 , R 2 ∈ B + 3 . This gives rise to a partial order on B + 3 .
For example, a 1 a 2 2 a 3 a 1 a 3 2 = a 3 (a 1 a 2 2 )a 2 and a 3 a 2 a 1 = a 3 a 2 .
Definition 2.5 (fundamental braid and rotation automorphism). The fundamental braid δ is defined as δ = a 2 a 1 . The rotation automorphism τ :
It is easy to see that a i δ = δa i+1 for all i, hence δ 3 is a central element and τ (α) = δ −1 αδ for α ∈ B 3 . Definition 2.6 (Garside normal form). Every 3-braid α is uniquely expressed as
where u is an integer and P is a nondecreasing positive word in band generators [Xu92] . The above expression is called the Garside normal form of α. The infimum, supremum and canonical length of α are defined respectively as inf(α) = u, sup(α) = u + |P | and len(α) = |P |.
The syllable length of α is defined as the syllable length of the positive word P :
The extended syllable length of α is defined as
Infimum, supremum, canonical length and (extended) syllable length are invariant under the automorphism τ .
The Garside normal form can be obtained by performing the following transformations repeatedly to a word representing α:
(ii) replace a i+1 a i with δ; (iii) replace δ k δ ℓ with δ k+ℓ ; (iv) replace a i δ k with δ k a i+k .
Definition 2.7 (right complement). For a positive 3-braid P , the braid P −1 δ |P | is called the right complement of P , denoted by P * .
The right complement P * is the positive braid such that P P * = δ |P | .
Lemma 2.8. The following hold for 3-braids.
Garside normal form of α −1 . In particular,
Proof.
(vi) Notice that
Because P is nondecreasing, so is P * by (v). Therefore
is the Garside normal form of α −1 . The identities are immediate from this and (v).
For example, (a 3 1 a 2 a 3 a 7 1 ) * = (a 2 1 · a 1 a 2 a 3 a 1 4 ·a 6 1 ) * = a 3 a 1 a 2 a 3 a 1 a 2 6 ·a 4 3 · a 1 a 2 2 . Definition 2.9 (summit set). For a 3-braid α, we define inf s (α) = max{ inf(β) | β is conjugate to α}.
The summit set of α is defined as
[α] S = { β ∈ B 3 | β is conjugate to α and inf(β) = inf s (α) }.
S | syl(β) is minimal in the conjugacy class of α .
It is known that for a 3-braid α, the sets [α] S and [α] S 0 are finite nonempty subsets of the conjugacy class of α and can be computed in a finite number of steps. The following are equivalent for a 3-braid α: (i) inf(α) is maximal in the conjugacy class; (ii) sup(α) is minimal in the conjugacy class; (iii) len(α) is minimal in the conjugacy class.
Definition 2.10 (positive conjugate). Let α = δ u P be the Garside normal form of α ∈ B 3 . Let P = P 1 P 2 for positive words P 1 and P 2 . Then a 3-braid β is called a positive conjugate of α if β is either δ u τ u (P 2 )P 1 or δ u P 2 τ −u (P 1 ).
In the above definition, β is a conjugate of α because, for example, δ u τ u (P 2 )P 1 = P 2 αP −1 2 ; if α is a summit element, then so is β because inf(β) ≥ inf(α) and inf(α) is maximal in the conjugacy class; if α ∈ [α] S 0 and syl(P 1 P 2 ) = syl(P 1 ) + syl(P 2 ) (i.e. the last letter of P 1 is different from the first letter of P 2 ), then β ∈
• If syl(α) ≥ 2 and esyl(α) = u+r ≡ 1 mod 3, then α ∈ [α] S 0 because syl(β) = syl(α)−1 for a positive conjugate
Moreover, β ∈ [α] S 0 by the following lemma because esyl(β) = u + (r − 1) ≡ 0 mod 3. Lemma 2.12 (shortest word, [Xu92] ). Let α = δ u P be the Garside normal form of α ∈ B 3 .
(i) If u ≥ 0, then (a 2 a 1 ) u P is a shortest word for α.
(ii) If −|P | < u < 0, then (P * 1 ) −1 P 2 is a shortest word for α, where P 1 and P 2 are positive words such that P = P 1 P 2 and |P 1 | = −u. In particular, |α| = |P |. Proof. Applying τ if necessary, we may assume that α = δ u a k 1 for some k ≥ 1. If k ≡ 1 mod 2, then the induced permutation of α is the same as that of a 1 , δa 1 or δ −1 a 1 , hence it has two cycles. This contradicts thatα is a knot. Therefore k = 2p for some p ≥ 1, hence
Since len(α) = 2p ≥ 2, esyl(α) ≡ 0, 1 mod 3 by Lemma 2.11. If esyl(α) ≡ 1 mod 3, then u = inf(α) = esyl(α) − syl(α) ≡ 1 − 1 ≡ 0 mod 3. Thus the induced permutation of α is the identity, which contradicts thatα is a knot. Therefore esyl(α) = 0 mod 3.
Lemma 3.2. Let α be a 3-braid such thatα is a knot. Suppose that α ∈ [α] S
0 and syl(α) = 0.
Proof. (i) It follows from Lemma 3.1 (when syl(α) = 1) and Lemma 2.11 (when syl(α) ≥ 2).
(ii) Assume that k i ≡ 1 mod 2 for all 1 ≤ i ≤ r. Since u ≡ −r mod 3 by (i), the induced permutation of α = δ u a k 1 1 · · · a kr r is the same as that of
r+2 , hence it has two or three cycles. This contradicts thatα is a knot. be the Garside normal form. By Lemma 3.2, k i ≥ 2 for some 1 ≤ i ≤ r. Taking a positive conjugate if necessary, we may assume k r ≥ 2. Applying τ if necessary, we may assume j + r ≡ 1 mod 3. Therefore α = δ u P a 2 1 for some nondecreasing positive word P a 2 1 . The following corollary will be used in the proof of Theorem 1.3 in §4.
Corollary 3.4. Let α be a 3-braid such thatα is a knot. Suppose that the minimal syllable length in the conjugacy class of α −1 is at least 3. Then α is conjugate to
with u = inf s (α) and k, p ≥ 1 such that
(ii) Q 1 and Q 2 are nondecreasing positive words, possibly being the empty word; (iii) if Q 1 is not the empty word, then Q 1 starts with a 2 and ends with a 2 i ; (iv) if Q 2 is not the empty word, then Q 2 starts with a 2 i+2p−1 and ends with a 3−u . In particular, if |Q j | = 0 then |Q j | ≥ 2 for j = 1, 2.
Proof. We may assume that
Q be the Garside normal form. By Lemma 3.2(ii), taking a positive conjugate if necessary, we may assume that a 1 a 2p 2 a 3 Q for some p ≥ 1. By Lemma 2.8, the Garside normal form of α is δ u τ u (Q * ) where u = inf(α) = − sup(α −1 ). Since
and τ ℓ ((a 1 a 2p 2 a 3 ) * ) Q * for some ℓ ∈ Z, α is of the form
i+2p−1 P 2 for some i ∈ Z and positive words P 1 and P 2 . Take a positive conjugate β of α as
, where i − r + 1 ≡ i + 2p − 1 + u mod 3 and k 1 , . . . , k r ≥ 1, especially k 1 , k r ≥ 2. (It is possible that r = 1.) Hence u+r+(2p−2) ≡ 0 mod 3 and β = δ u a
0 by Lemma 2.11. By Lemma 3.2, k q ≡ 0 mod 2 for some 1 ≤ q ≤ r. Taking a positive conjugate if necessary, β has the desired expression. Proof. We may assume that α and α −1 are summit elements. By Lemma 2.12, |α| is the shortest word length in the conjugacy class.
Case 1. len(α) = 0
Let α = δ u . Taking α −1 if necessary, we may assume that u ≥ 0, hence (a 2 a 1 ) u is a shortest word for α by Lemma 2.12. If u ∈ {0, 1}, thenα is either the 3-component unlink or the unknot. Therefore u ≥ 2. Notice that
1 is a shortest word in the conjugacy class of α.
Case 2. len(α) = 0 and sup(α) ≥ 2 By Corollary 3.3, we may assume that α = δ u P a 2 1 , where u = inf(α) and P a 2 1 is a nondecreasing positive word. If u ≥ 0, then (a 2 a 1 ) u P a 2 1 is a shortest word representing α. By taking W = (a 2 a 1 ) u P , we are done. Suppose u < 0. Since sup(α) = u + |P | + 2 ≥ 2, we have |P | ≥ −u. Let P = P 1 P 2 , where P 1 is the prefix of P of length |P 1 | = −u. By Lemma 2.12, α has a shortest word of the form α = (P * 1 ) −1 P 2 a 2 1 . By taking W = (P * 1 ) −1 P 2 , we are done. 
This property of 3-braids has been used in several papers. For example, Ni [Ni09] and Stoimenow [Sto06] used it in studying fibered 3-braid knots.
Proof of Theorem 1.1. Let K be a 3-braid knot. Because g * (K) ≤ u(K) holds for any knot, it suffices to show that u(K) ≤ g(K) holds. We use induction on the genus g(K).
Suppose that g(K) ≥ 1. By induction hypothesis, we assume that u(L) ≤ g(L) holds for any 3-braid knot L with g(L) < g(K). By Proposition 3.5, K is represented by a 3-braid W a ±2 1 for some word W such that W a ±2 1 is a shortest word in its conjugacy class. In particular,
Since L is obtained from K by a single crossing change deleting a
The following example shows that the genus of a 3-braid knot cannot be bounded above by a function of the unknotting number.
, we have
From this expression, we can easily see thatα k is a knot. By Lemma 2.12, a
k a k k+1 a k+2 is a shortest word in the conjugacy class, hence
In particular,α k is a nontrivial knot. If we delete a 2 k from the above expression, α k becomes a k+1 a k+2 whose closure is the unknot. Hence u(α k ) = 1. Thereforeα k is a 3-braid knot with unknotting number 1 and genus k.
Proof of Theorem 1.3
Lemma 4.1. Let K be a 3-braid knot represented by a 3-braid
which is a shortest word in its conjugacy class. Then u(K) < g(K).
Proof. Taking the inverse if necessary, we may assume that k ≥ 1. Since a 1 a 2k 2 a −1 1 W is a shortest word in its conjugacy class,
Because L is obtained from K by k crossing changes deleting a 2k 2 ,
Combining (1), (2) and (3),
Lemma 4.2. Let K be a 3-braid knot such that neither K nor !K is strongly quasipositive. Let K be represented by a 3-braid α such that α is a summit element with Garside normal form 1 W which is a shortest word in its conjugacy class.
In these cases, u(K) < g(K).
Proof. If m ≤ 0 (resp. m ≥ |P |), then α (resp. α −1 ) is a positive braid, hence K (resp. !K) is strongly quasipositive. Therefore 1 ≤ m ≤ |P | − 1, which implies |α| = |P |. Since α is a summit element, |α| is the shortest word length in the conjugacy class of α by Lemma 2.12.
(i) Since a 1 a 2k 2 a 3 P , P = P 1 a 1 a 2k 2 a 3 P 2 for some positive words P 1 and P 2 , hence
By hypothesis, m ≤ |P | − (2k + 1) = |P 1 | + |P 2 | + 1, hence |P 1 | + |P 2 | ≥ m − 1. Taking a positive conjugate if necessary, we may assume |P 1 | = m − 1. Then α is conjugate to
Notice that the last expression has word length 2k + 2 + |P 2 | + |P 1 | = |P | = |α|, so it is a shortest word in its conjugacy class.
(ii) We will show that α −1 satisfies the condition of (i). Because α is a summit element, so is α −1 . By Lemma 2. By Lemma 2.8,
Applying τ if necessary, we may assume that
So far, we have seen that α −1 satisfies the condition of (i). Hence α −1 is conjugate to a 1 a 2k 2 a −1 1 W which is a shortest word in its conjugacy class. Therefore α is conjugate to W −1 a 1 a (iii) Put k = 1 to (ii).
Proof of Theorem 1.3. Let K be represented by a 3-braid
where u = inf(α) and k 1 , k 2 , . . . , k r ≥ 1. We may assume α ∈ [α] S 0 . We will show that either u(K) < g(K) holds by Lemma 4.2 or K is one of the knots listed in the theorem. If u ≥ 0, then α is a positive braid. If r = 0, then α = δ u , hence either α or α −1 is a positive braid. In these cases, either K or !K is strongly quasipositive. Therefore, for the proof, we may assume the following.
Neither K nor !K is a strongly quasipositive knot. In particular, u = inf(α) ≤ −1 and r = syl(α) ≥ 1.
Case 1. r = 1 By Lemma 3.1, α = δ u a 2p 1 for some p ≥ 1 and esyl(α) = u + 1 ≡ 0 mod 3. Since we have assumed u ≤ −1, there is an integer m ≥ 0 such that
, hence K is a 2-braid knot. If 3m + 1 ≥ 2p, then α −1 is a positive braid, hence !K is strongly quasipositive. Therefore we may assume (4) m ≥ 1 and 3m + 1 ≤ 2p − 1.
In particular, 2p ≥ 3m + 2 ≥ 5 and 3m + 1 ≥ 4. Notice that α is conjugate to
which is also a summit element. Since a 2 1 a 2 2 a 2p−2 1 a 2 2 and 3m + 1 ≥ 4 ≥ 3, we have u(K) < g(K) by Lemma 4.2.
Case 2. r = 2
In this case, α = δ u a
2 . By Lemma 3.2, esyl(α) = u + 2 ≡ 0 mod 3 and either k 1 or k 2 is even. In fact, both k 1 and k 2 are even. (Otherwise, α has the same induced permutation as δa 1 or δa 2 which has two cycles. This contradicts the hypothesis that K is a knot.) Since we have assumed u ≤ −1, there are integers m ≥ 0 and p, q ≥ 1 such that
In particular, a 2 1 a 2 2 a 2p 1 a 2q 2 . If m ≥ 1, then 3m + 2 ≥ 5 ≥ 3, hence u(K) < g(K) by Lemma 4.2. Therefore we may assume that m = 0, hence 2 · · · a kr r , hence α = δ −m P . By Lemma 3.2, some k i is even. Taking a positive conjugate if necessary, we may assume that k 2 = 2p for some p ≥ 1. Since a 1 a 2p 2 a 3 P and
we have u(K) < g(K) by Lemma 4.2.
Case 4. General Case: r ≥ 3 and u ≤ −3 Due to the previous cases, we may assume that any conjugate of α and α −1 has syllable length ≥ 3 and infimum ≤ −3, and hence that
for p, q ≥ 1, m ≥ 3 and positive words Q 1 and Q 2 with the properties in Corollary 3.4. Let
In particular, |P | = |Q| + 2p and syl(α) = syl(P ) = syl(Q) + 1. Recall from Corollary 3.4 that, for each j = 1, 2, if
Proof of Claim. Since syl(α) ≥ 3 and syl(α) = syl(Q) + 1, we have syl(Q) ≥ 2. Decompose the word Q into Q = R 1 R 2 , where R 1 and R 2 are nonempty subwords of Q with syl(Q) = syl(R 1 ) + syl(R 2 ). Let
Then β is a positive conjugate of α such that β ∈ [α] S 0 . Hence syl(R) = syl(β) = syl(α) = syl(P ) = syl(Q) + 1 = syl(R 1 ) + syl(R 2 ) + 1.
Therefore R 1 starts with a 2 and τ −m (R 2 ) ends with a 3 , hence a 3 a We first claim that p, q ≥ 2. Since syl(α) = 2q − 1 ≥ 3, we have q ≥ 2. Observe that , hence K is a connected sum of two 2-braid knots.
